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Abstract—Due to the severe conditions of wirelesschannels,
it is crucial for wirelesssystemsto accommodate some sort
of diversity to achieve reliable communication. Different types
of diversity techniques such as temporal, frequency code, and
spatial have been developed in the literatur e. In addition to
the destructive multipath nature of wirelesschannels,frequency
selective channels pose intersymbol interference (ISI) while

offering frequency diversity for successfully designed systems.

Orthogonal frequency division multiplexing (OFDM) has been
shown to ght ISI very well by corverting the frequencyselectve
channel into parallel at fading channels.On the other hand,
bit interleaved coded modulation (BICM) was showvn by Zehavi
and later by Caire et al to have high performance for at
fading Rayleigh channels. It is natural to combine BICM and
OFDM to exploit the common ground of both techniques to
impr ove overall systemperformance.In this paper we shov both
analytically and via simulationsthat for L tap frequencyselective
fading channels,BICM-OFDM can achieve a diversity order of
mMin(ds ree; L), where di ree is the minimum Hamming distance
of the convolutional code usedfor BICM.

I. INTRODUCTION

Wirelesscommunicationchannelssuffer from severe atten-
uationdueto the destructve addition of multiple pathsin the

propagtion mediaand due to interferencefrom other users.

In some casesit is impossiblefor the recever to make a
correctdecisionon the transmittedsignalunlesssomeform of
diversity (lessattenuatedeplicaof the signal)is used.In order
to ght the severe conditionsof wirelesschannelsdifferent
diversity techniqueshave been developed. Some forms of
diversity canbe listed astemporal frequeng, spatialandcode
diversity,

Zehavi [1] shavedthatthe codediversity couldbeimproved
by bit-wiseinterlearing. Using anappropriatesoft-decisiorbit
metric at a Viterbi decoder Zehavi achiezed a codediversity
equal to the smallest number of distinct bits, rather than
channelsymbols,along ary error event. On the other hand,
the diversity order of systemsbasedon Ungerboeclis trellis
coded modulation (TCM, [2]) with a symbol interleaver is
the minimum numberof distinct symbolsbetweencodevords.
Thus, diversity can only be increasedby preventing parallel
transitionsand increasingthe constraintlength of the code.
As a result, BICM shavs performanceimprovement when

comparedo TCM [1]. Following Zehai's paper Caire et al
[3] presentedhe theorybehindBICM. Their work illustrated
tools to evaluatethe performanceof BICM with tight error
probability bounds,and designguidelines.A brief overviev
of BICM is givenin Sectionll for readers corvenience.

In recentyearsdeplosing multiple transmit antennashas
becomeanimportanttool to improve diversity The useof mul-
tiple transmitantennasallowed signi cant diversity gains for
wirelesscommunicationsln generalspatialdiversity systems
are called space-timg(ST) codesand someimportantresults
can be listed as [4], [5], [6], [7]. In thesepapersthe multi
input multi output(MIMO) wirelesschannelis assumedo be
at fading.However, whenthereis frequeny selectvity in the
channelthe designof appropriatespace-timeodeshecomes
morecomplicatedproblemdueto the existenceof intersymbol
interference (ISI). On the other hand, frequeny selectve
channelsoffer additionalfrequeng diversity [8], [9]. OFDM
can be usedto combatISI and thereforecan simplify the
codedesignproblemfor frequenyg selectve channelsUsing
a cyclic pre x (CP), OFDM corverts a frequeng selectve
channelinto parallel at fading channels.Some space-time-
frequeng codedsystemshave beenproposedto exploit the
diversity orderin spacetime andfrequeng, [10], [11], [12],
[13], [14], [15]. Out of thesepapers[14] combinesspace
time block codes(STBC) of [5] and [6] with BICM-OFDM
to achieve diversity in spacetime and frequeng. Reference
[15] usesBICM-OFDM directly with multiple antennasand
without external STBC to achieve higherdataratein the cost
of lower diversity.

In this paper we limit ourselhes to single input single
output (SISO) wirelesschannels.The readeris urgedto note
that unlike [14] and [15], we use a SISO systeminstead
of MIMO and through Sectionlll and IV we will formally
prove that BICM-OFDM systemsachieve a diversity order
of min(dsee; L), Where diee is the minimum Hamming
distanceof the convolutional code.

In SectionV simulationresultssupportingour analysisare
presentedFinally, we end the paperwith a brief conclusion
in SectionVI wherewe restatethe important resultsof this
paper



Il1. BIT-INTERLEAVED CODED MODULATION (BICM)

BICM canbe obtainedby usinga bit interleaver, ¥4 between
an encoderfor a binary code C and a memorylessnodulator
over a signalsetA p C of sizejAj = M = 2™ with a binary
labelingmap? : f0;1g™ ! A. Grayencodingis usedto map
the bits onto symbolsand plays animportantrole in BICM's
performance[3]. Gray labeling allows parallel independent
decodingfor eachbit [16]. If setpartition labeling or mixed
labeling is used,then an iterative decodingapproachshould
be usedto achieve high performanceg17]. Note that, due to
the ability of independenparalleldecodingof Gray labeling,
iterative decodingdoes not introduce ary performanceim-
provement[17]. Therefore non-iteratve maximumlikelihood
(ML) decodingis consideredn this paper

During transmissionthe codesequence is interleaved by
Y, and then mappedonto the signal sequencex 2 A. The
signal sequence is thentransmittedover the channel.

Thebit interleaver canbe modeledas¥s: k! (k;i) where
k% denotegheoriginal orderingof the codedbits co, k denotes
thetime orderingof the signalsxy transmittedandi indicates
the position of the bit cco in the symbolxy.

Let A denotethe subsetof all signalsx 2 A whoselabel
hasthe value b 2 f0;1g in positioni. Then, the maximum
likelihood (ML) bit metricsare given by [3]

8
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where denoteshe channelstateinformation (CSI) for the
time orderk.

Following (1), the bit metricsfor the at fading Rayleigh
channelscan be calculatedusing the ML criterion with CSI
as[1]

C(Ykioo) = min ky i Yok? (2)
><2A'Cko
whereYzdenoteghe Rayleighcoefcient andk(k? represents
the squaredEuclideannorm of (9.

The ML decodemat therecever canmake decisionsaccord-
ing to the rule

X

¢=argmin " (yk;Go): ®)
c2C o
I1l. SYSTEM MODEL oF BICM-OFDM

The systemdeplgys only one transmit and one receve
antenngS1SO).0One OFDM symbolhasK subcarrieravhere
eachsubcarriercorresponddo a symbolfrom a constellation
map A. As given in Sectionll, constellationsize jAj = 2™,
It is assumedhat the interleaver's depthis K m so that bits
are interleaved within one OFDM symbol. By doing so, the
decodedoesnot needto wait for thearrival of multiple OFDM
symbolsto startdecoding.

A convolutionalencodelis usedto generatehe binary code
at the transmitter For ko=ng rate convolutional code with

given numberof states,the one with the highestminimum
Hamming distance,ds ;¢e, is picked from tables,e.g., [18].
The output bit cco of a corvolutional encoderis interleaved
and mappedonto the subcarrierx(k) at the ith location.

Consider a frequeny selectve channel h =
[hg hy ¢¢¢ hy 1)]T with L taps. Each tap is assumed
to be statistically independentand modeledas a zero mean
complex Gaussianrandom variable with variance1=2L per
comple« dimension. The fading model is assumedto be
guasi-static,i.e., the fading coefcients are constantover
the transmissionof one paclet, but independentfrom one
paclet transmissionto the next. It is assumedhat the taps
are spacedat integer multiples of the symbolduration,which
is the worst casescenarioin termsof designingfull diversity
codes[19].

A cyclic pre x (CP) of appropriatdengthis addedto each
OFDM symbol.Adding CP corvertsthe linear corvolution of
the transmittedsignal and the L-tap channelinto a circular
convolution. When CP is removed and FFT is taken at the
recever, the receved signalis given by

y(k) = x(K)H(k)+ n(k); 0- k- Kj 1 4)
where x(k) is the transmittedsignal at the kth subcarrier
n(k) is comple additive white Gaussiamoisewith zeromean
andvariancel=(2 ¢SN R) percomple dimensionmakingthe
varianceof n(k) No = 1=SN R, andH (k) is given by

g 1

H(k) = h()WL; wherewy 2 & 1%  (5)
=0
H (k) canalsobe written as
H (k) = W" (k)h (6)

whereW(k) = [1 WJ W2k w DK isanL £
1 vector Note that the transmittedsymbolsare assumedo
have averageenegy of 1 sothatwith the channeland AWGN
models describedhere, the receved signal to noise ratio is
SNR.

IV. DIVERSITY ORDER OF BICM-OFDM

In this sectionwe will shav that for an L-tap frequeng
selectve channel BICM-OFDM canachie/e a diversity order
of min(ds ee; L) without the use of multiple antennasSince
di ree Of convolutional codescanbe high, this is a signi cant
result.

Assumethe codesequence is transmittecandt is detected.
Then,the PEPof ¢ andt given CSI canbe written as, using
(2) and(3),

min Ky(k) i xH (k)k?,
><2A'Cko

P! gH)= P& P 01 x (o

K0 x2 A

(7)
&0

For a cornvolutional code with rate kg=ngp, and minimum
Hamming distanceds ;¢e, the Hamming distancebetweenc



andt, d(cj £), is atleastd; ee. Assumed(Cj €) = dfree
for c and€ underconsideratiorfor PEPanalysiswhich is the
worst casescenariobetweenary two codavords. Then, Acko
andAe are equalto one anotherfor all k® exceptfor ds ;ee

distinct valuesof k. Therefore,inequality on the right hand
side of (7) shareghe sametermson all but d¢ ;¢ SUMMation
points, and the summationscan be simpli ed to only ds ;ee

termsfor PEPanalysis.

0
min ky(k) i xH (k)k? ,
P(c! &jH) = P B Kbre " e
(et GH)= min k(i XH (KK
K%ds r ee XZA‘
P (8)
where .4, mMeanghatthesummatioris takenwith index

kO over d; , e differentvaluesof K°

Note thatfor binary codesandfor the d ; ¢c pointsat hand,
o = o, where(]tg denotesthe binary complementof (9.
For the df ; ¢e bits let's denote

x(k) = arg mjp ky(k) i xH (k)k?

2(k) = arg. mm ky(k) i xH (K)k?

A KO

©)

It is easyto seethat x(k) 6 R(k) sincex(k) 2 A , and
R(k) 2 A'e whereAC and A€ are complementsets of
constellatlonpomts W|th|n the S|gnal constellationsetA (see
Figurel for 16 QAM example).Also, ky(k) i x(k)H (k)k? ,
ky(k) i *(k)H (k)k? andx(k) 2 AC o

For corvolutional codes,dueto the|r trellis structure ds  ee
distinct bits betweenary two codavordsoccurin consecutie
trellis branchesThe bit interleaver canbe designedsuchthat
consecutie dds ; ee=ngeNg bits aremappedontodds ; .e=nNpeNg
different symbols. This guaranteesthat there exists ds ee
distinct pairs of (x(k);®(k)), and d;ee distinct pairs of
(x(k); ®(k)). Notethat,if thereis no bit interleaver following
the encoderthereareonly dds  (e=me distinct pairs. The PEP
of BICM-OFDM can be rewritten as

° 1

Pe ow=p@ KNG o
Ok;df,ee 1

paX e o
02 . 4o

SP@ " kx(k) i A H(KE | - OA
K;df v ee (11)

where © = (k) and (k) = (R(K) i

x(k))*H®(k)n(k) + (R(k), x(k))H (k)n®(k). For givenH,
"~ (k)s areindependenizero-meancomplex Gaussiarrandom
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Fig. 1. Grayencodedl6 QAM constellation

variableswith variance 2Nok(R(k) i x(k))H (k)k?. Conse-
quently is a compleﬁDGaussmrrandomvarlableW|th zero
meanandvariance2No .4 K(R(K) i x(k))H (k)k?. Note
that, the upperboundin (10) is tight, since for high SN R
valuesx(k) = x(k). Following (11), PEPcanbe found as

0 1

P(c! pP@ kK(x(K) i R(k)) H(k)k?A

1

€H) -
kdfree
D

k(x(k)i (k) H(k)k?

%P Kidf ree

2Ng
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where Q(¢9 is the well-knovn Q-function. Let's denote
dik) = x(k) i R(k), which are non-zerofor the dfee
pomts consideredfor PEP analysis.In orderto nd PER
. kd(k)H (k) k? hasto be calculated.Using (6),

k;df r e
kd(K)H (k)k? = b Wy (k)d® (k) d(K)WE (k)h
k;df ree k;df2ee 3
X
=4 ASh=h"Ah (13
K;df ree

whereA andAy'sarelL £ L matricesand A is given by

2 3
1 Wi eee Wit D
o 1 oo w2k
Ak = jd(k)j .
wp (BB i Bk geg 1 Ll
(14)

As can be seenfrom (14), the rank of eachAy matrix is
one. However, due to the specialform of the Ax matrices,
therank of thematrix A = ., Ax isr = rank(A) =
min(di ree; L) (seeAppendix for the proof). Note that each
Ax is also Hermitian with a squareroot W(k)d"(k) such
that Ay = W(k)d"(k)(W(k)d*(k))" . From linear algebra,
it is known that ary matrix with a squareroot is positive
semide nite[4], [20]. Also, ary non-ngjative linear combina-
tion of positive semide nite matricesis positive semide nite.
It follows that Axs and A are positive semide nite, and the
singularvalue decompositiorof A canbe written as[20]



A =VHav (15)

whereV isal £ L unitarymatrixanda isalL £ L diagonal
matrix with eigervaluesof A, f g, , onthe diagonal.Note
that, eigervaluesof ary positive semide nite matrix are real

and non-ngative. Let's write Vh = [v; v, ¢¢¢ v |7,
then
b
kd(k)H (k)k* = h" Ah= h"VvFavh= " jvj?
K;df r ee =1
(16)

Sinceeachtap of the channelis modeledasanindependent =

complex Gaussiarrandomvariablewith zeromeanandequal
variance,v;'s are also complex Gaussianrandom variables.
Thenjwvj's are Rayleighdistributed with pdf 2jvjel v1i*. Us-
ing an upperboundfor the Q function Q(x) - (1=2)e x*=2
PEP canbe upperboundedas

Pc! € =E[pP(c! GH) 13

R
El % I_1,|JV|J gz 1
- E Eexp i aNg = Q°

|
1+ 4N o

7

For the rank of A, r = min(d;,ee; L), without loss of
generalitywe canorderthe , |'s suchthat,, 1 , ,2:::, .«
and, ;41 = ::: =, = 0.UsingNy = 1=SN R from Section
lll, for high SN R values,PEPbecomesupperboundedby

1
=

A1
1 Dy it R
P! O @7 it N %
1+ ~SNR =1
1=1 4
(18)

It canbe easily seenfrom (18) that the diversity order of
BICM-OFDM systemis r = min(ds r¢e; L). For example,the
industry standard1=2 rate 64 state (133,171)corvolutional
encoderhasds;ee = 10. Therefore,a BICM-OFDM system
with this convolution codecanachieve a diversity orderof 10
without implementingary additional antennaspr using ary
other diversity technique.In order to even further increase
the diversity order of the system,one can in addition add
multiple antennasusing STBC to multiply the diversity order
of BICM-OFDM with the number of transmit and receve
antennas(see [21]). Or, multiple antennascan be used to
increasethe throughputof the system,while BICM-OFDM
is usedto provide the necessandiversity order Also, a low
complity Viterbi decodercan be implementedfor BICM-
OFDM systemswithout ary performancedegradation[22]
and [23]. Thus, a low compl«ity, easyto implement,and a
high diversity ordersystemcanbe easilygeneratedy BICM-
OFDM.

V. SIMULATION RESULTS

In the simulationsbelov we used64 subcarriersfor each
OFDM symbol.One symbolhasa durationof 4 s of which
0.8 1s is CP 250 bytes are sentwith eachpaclet and the
channelis assumedo be the samethroughthe transmission
of one paclet. The maximumdelay spreadof the channelis
setto be ten timesthe root meansquare(rms) delay spread.

e 64 States 16qam 1 Transmit 1 Receive A

BaY
N
AN
==

(b) PERvs SNR

(a) BER vs SNR

Fig. 2. BICM-OFDM resultsusing 1/2 rate 64 statesd; ;e = 10 code

Figure2 shavs the simulationresultsfor differentrmsdelay
spreadvalues of the channel.(133,171) 1/2 rate 64 states
corvolutional codeusedin BICM-OFDM andinterleaved bits
aremodulatedusing16 QAM. As canbe seenfrom the gure
asthe numberof tapsfor the channelincreasesits diversity
increasesswell. Anotherinterestingobsenationis thatwhile
diversity for 50 ns and 75 ns channelsreachthe maximum
diversity, 75 nschannelkhaws slightly bettercodinggain. This
is dueto the factthatthe productof the eigervaluesin (18) is
higherfor higher delay spreadsonce the maximum diversity
is reached.

VI. CONCLUSION

BICM and OFDM are usedwidely in mary wirelesscom-
municationsystemsln this paperwe shaved the two canbe
combinedto achiere a high diversity order We illustratedboth
analytically and via simulationsthat the maximum diversity
thatis inheritedin frequeny selectve channelscan be fully
and successfullyachieved. If the cornvolutional code being
usedhasa minimum Hammingdistanceof d; ¢, we shoved
that the diversity orderof BICM-OFDM is min(ds ee; L) for
anL tapfrequeng selectve fadingchannel.Simulationsalso
shavedthat,whenL , e, asthedelayspreadncreaseshe
coding gain increasesimproving the systemperformance.

APPENDIX
PROOF OF RANK mMin(ds ree; L)

Note that in generalthe numberof subcarrierdK | dsree
andK | L, andtheseare assumedo be the casein this
paper In orderto have a clearerpresentatiorwe will denote
D = df;ee andwithout loss of generary'tywe canreorderthe
D differentAx matricesso thatA = II<D=1 Ay. Assumefor
pov, D - L. Then,it is known that [20] rank(A) = r -

Ezl rank(Ay) = D. Let's denotea, = WJ . Note that
al * = ay, andags lie on the unit circle on the complec plane
anda; 6 a; fori 6 j;1- i;j - K. Then,Axs become
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A= Ak
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jayj2al 1 Y ¢ee oee jdj2
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Clearly, if therankof A isr, thenthereexists a sub-matrix
within A of sizer £ r suchthat the determinantof the sub-
matrix is nonzero[20]. Considerthe sub-matrixAp of size
D £ D of A.

2 3
® P jagtac e O jdej2ap it
k=1 k=1 k=1

P iggzat T g eee T ja2adi 2

Ap = k=1 k=1 k=1

P i2ai (Di D) id,i2
. jdkj“ay ¢ee ¢ee ot jdk]
Ap = %D Cp where 3
1 1 oee 1
a ! a,t  ¢ee  al?
Bp = al ? a2  ete  al?
) ail(Di 1) aiz(Di 1) ¢oe aIiD(Di 1)
johj2  jdij2ay  ¢¢  jdgj2alPi Y
jdoj2  jdpj?a,  G0¢  jdpj2alll Y
Cy = j .J j 1. jdzj 2 (A2)
(i 1)

jdpj? jdpj?ap ¢¢¢ jdpj?ap

It is evidentthat, sincea ! = af, BY is a Vandermonde
matrix of size D. The determinantof a Vandermondamatrix
canbe easily calculatedby [20]

det(Bf) =

i
>

(@i &) (A.3)

which is non-zero,sincea 6 a fori 6 j;1 - i;]

D K. Thereforerank(Bf) = D = rank(Bp) and
Bp is full rank. Note that, Cp is equalto BE‘ with each
row multiplied by a positive scalar Since multiplying rows
of a matrix with nonzeroscalarsdoesnot changethe rank
of a matrix, Cp is also full rank with rank D. This shavs

det(Ap) = det(Bp) det(Cp) is nonzero,con rming Ap is
afull rankmatrixwith rankD. SinceAp is asub-matrixof A ,
thenrank(A) , D = diree, concludingrank(A) =D - L.

If L < D, thenA is asub-matrixof Ap . Again from (A.2)
and (A.3), Ap is a full rank matrix with rank D dueto the
factthata; 6 a; fori 6 j;1- i;j - D - K. Sinceary sub-
matrix of afull rankmatrixis alsofull rank,thenA is full rank
with rank(A) = L. Consequentlyrank(A) = min(D;L) =
min(dsree; L).
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