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Abstract— Due to the severe conditions of wir elesschannels,
it is crucial for wir eless systems to accommodate some sort
of diversity to achieve reliable communication. Differ ent types
of diversity techniques such as temporal, fr equency, code, and
spatial have been developed in the literatur e. In addition to
the destructive multipath nature of wir elesschannels,fr equency
selective channels pose intersymbol interfer ence (ISI) while
offering fr equency diversity for successfullydesigned systems.
Orthogonal fr equency division multiplexing (OFDM) has been
shown to �ght ISI very well by converting the fr equencyselective
channel into parallel �at fading channels. On the other hand,
bit interleaved coded modulation (BICM) was shown by Zehavi
and later by Caire et al to have high performance for �at
fading Rayleigh channels. It is natural to combine BICM and
OFDM to exploit the common ground of both techniques to
impr ove overall systemperformance.In this paper we show both
analytically and via simulations that for L tap fr equencyselective
fading channels,BICM-OFDM can achieve a diversity order of
min( df r ee ; L ), where df r ee is the minimum Hamming distance
of the convolutional code used for BICM.

I . INTRODUCTION

Wirelesscommunicationchannelssuffer from severeatten-
uationdueto the destructive additionof multiple pathsin the
propagation mediaand due to interferencefrom other users.
In some casesit is impossible for the receiver to make a
correctdecisionon thetransmittedsignalunlesssomeform of
diversity(lessattenuatedreplicaof thesignal)is used.In order
to �ght the severe conditionsof wirelesschannels,different
diversity techniqueshave been developed. Some forms of
diversitycanbelistedastemporal,frequency, spatialandcode
diversity.

Zehavi [1] showedthatthecodediversitycouldbeimproved
by bit-wiseinterleaving. Usinganappropriatesoft-decisionbit
metric at a Viterbi decoder, Zehavi achieved a codediversity
equal to the smallest number of distinct bits, rather than
channelsymbols,along any error event. On the other hand,
the diversity order of systemsbasedon Ungerboeck's trellis
coded modulation (TCM, [2]) with a symbol interleaver is
theminimumnumberof distinctsymbolsbetweencodewords.
Thus, diversity can only be increasedby preventing parallel
transitionsand increasingthe constraintlength of the code.
As a result, BICM shows performanceimprovement when

comparedto TCM [1]. Following Zehavi' s paper, Caire et al
[3] presentedthe theorybehindBICM. Their work illustrated
tools to evaluatethe performanceof BICM with tight error
probability bounds,and designguidelines.A brief overview
of BICM is given in SectionII for reader's convenience.

In recent years deploying multiple transmit antennashas
becomeanimportanttool to improvediversity. Theuseof mul-
tiple transmitantennasallowed signi�cant diversity gains for
wirelesscommunications.In general,spatialdiversitysystems
are called space-time(ST) codesand someimportantresults
can be listed as [4], [5], [6], [7]. In thesepapersthe multi
input multi output(MIMO) wirelesschannelis assumedto be
�at fading.However, whenthereis frequency selectivity in the
channel,thedesignof appropriatespace-timecodesbecomesa
morecomplicatedproblemdueto theexistenceof intersymbol
interference(ISI). On the other hand, frequency selective
channelsoffer additionalfrequency diversity [8], [9]. OFDM
can be used to combat ISI and thereforecan simplify the
codedesignproblemfor frequency selective channels.Using
a cyclic pre�x (CP), OFDM converts a frequency selective
channelinto parallel �at fading channels.Somespace-time-
frequency codedsystemshave beenproposedto exploit the
diversity order in space,time and frequency, [10], [11], [12],
[13], [14], [15]. Out of thesepapers[14] combinesspace
time block codes(STBC) of [5] and [6] with BICM-OFDM
to achieve diversity in spacetime and frequency. Reference
[15] usesBICM-OFDM directly with multiple antennasand
without externalSTBC to achieve higherdatarate in the cost
of lower diversity.

In this paper we limit ourselves to single input single
output (SISO) wirelesschannels.The readeris urged to note
that unlike [14] and [15], we use a SISO system instead
of MIMO and through SectionIII and IV we will formally
prove that BICM-OFDM systemsachieve a diversity order
of min(df r ee; L ), where df r ee is the minimum Hamming
distanceof the convolutional code.

In SectionV simulationresultssupportingour analysisare
presented.Finally, we end the paperwith a brief conclusion
in SectionVI wherewe restatethe important resultsof this
paper.



I I . BIT-INTERLEAVED CODED MODULATION (BICM)

BICM canbeobtainedby usinga bit interleaver, ¼, between
an encoderfor a binary codeC anda memorylessmodulator
over a signalsetÂ µ C of size jÂj = M = 2m with a binary
labelingmap¹ : f 0; 1gm ! Â. Gray encodingis usedto map
the bits onto symbolsandplaysan importantrole in BICM' s
performance[3]. Gray labeling allows parallel independent
decodingfor eachbit [16]. If set partition labeling or mixed
labeling is used,then an iterative decodingapproachshould
be usedto achieve high performance[17]. Note that, due to
the ability of independentparalleldecodingof Gray labeling,
iterative decodingdoes not introduce any performanceim-
provement[17]. Therefore,non-iterative maximumlikelihood
(ML) decodingis consideredin this paper.

During transmission,the codesequencec is interleaved by
¼, and then mappedonto the signal sequencex 2 Â. The
signalsequencex is then transmittedover the channel.

Thebit interleaver canbemodeledas¼: k0 ! (k; i ) where
k0 denotestheoriginalorderingof thecodedbitsck 0, k denotes
thetime orderingof thesignalsxk transmitted,andi indicates
the positionof the bit ck 0 in the symbolxk .

Let Âi
b denotethe subsetof all signalsx 2 Â whoselabel

has the value b 2 f 0; 1g in position i . Then, the maximum
likelihood(ML) bit metricsaregiven by [3]

¸ i (yk ; ck 0) =

8
><

>:

max
x 2 Â i

c k 0

logpµk (yk jx); perfectCSI

max
x 2 Â i

c k 0

logp(yk jx); no CSI
: (1)

whereµk denotesthe channelstateinformation (CSI) for the
time orderk.

Following (1), the bit metrics for the �at fading Rayleigh
channelscan be calculatedusing the ML criterion with CSI
as [1]

¸ i (yk ; ck 0) = min
x 2 Â i

c k 0

kyk ¡ ½xk2 (2)

where½denotestheRayleighcoef�cient andk(¢)k2 represents
the squaredEuclideannorm of (¢).

TheML decoderat thereceiver canmake decisionsaccord-
ing to the rule

ĉ = argmin
c2C

X

k 0

¸ i (yk ; ck 0): (3)

I I I . SYSTEM MODEL OF BICM-OFDM

The system deploys only one transmit and one receive
antenna(SISO).OneOFDM symbolhasK subcarrierswhere
eachsubcarriercorrespondsto a symbol from a constellation
map Â. As given in SectionII, constellationsize jÂj = 2m .
It is assumedthat the interleaver's depth is K m so that bits
are interleaved within one OFDM symbol. By doing so, the
decoderdoesnotneedto wait for thearrival of multipleOFDM
symbolsto startdecoding.

A convolutionalencoderis usedto generatethebinarycode
at the transmitter. For k0=n0 rate convolutional code with

given numberof states,the one with the highestminimum
Hamming distance,df r ee, is picked from tables,e.g., [18].
The output bit ck 0 of a convolutional encoderis interleaved
andmappedonto the subcarrierx(k) at the i th location.

Consider a frequency selective channel h =
[h0 h1 ¢¢¢ h(L ¡ 1) ]T with L taps. Each tap is assumed
to be statistically independentand modeledas a zero mean
complex Gaussianrandomvariable with variance1=2L per
complex dimension. The fading model is assumedto be
quasi-static,i.e., the fading coef�cients are constant over
the transmissionof one packet, but independentfrom one
packet transmissionto the next. It is assumedthat the taps
arespacedat integer multiplesof the symbolduration,which
is the worst casescenarioin termsof designingfull diversity
codes[19].

A cyclic pre�x (CP) of appropriatelength is addedto each
OFDM symbol.Adding CP convertsthe linear convolution of
the transmittedsignal and the L-tap channelinto a circular
convolution. When CP is removed and FFT is taken at the
receiver, the received signal is given by

y(k) = x(k)H (k) + n(k); 0 · k · K ¡ 1 (4)

where x(k) is the transmittedsignal at the kth subcarrier,
n(k) is complex additive white Gaussiannoisewith zeromean
andvariance1=(2¢SN R) percomplex dimensionmakingthe
varianceof n(k) N0 = 1=SN R, andH (k) is given by

H (k) =
L ¡ 1X

l =0

h(l)W l k
K ; whereWK

4
= e¡ j 2¼

K : (5)

H (k) canalsobe written as

H (k) = WH (k)h (6)

whereW(k) = [1 W k
K W 2k

K : : : W (L ¡ 1)k
K ]H is anL £

1 vector. Note that the transmittedsymbolsare assumedto
have averageenergy of 1 so thatwith thechannelandAWGN
modelsdescribedhere, the received signal to noise ratio is
SN R.

IV. DIVERSITY ORDER OF BICM-OFDM

In this sectionwe will show that for an L-tap frequency
selective channel,BICM-OFDM canachieve a diversity order
of min(df r ee; L ) without the useof multiple antennas.Since
df r ee of convolutional codescanbe high, this is a signi�cant
result.

Assumethecodesequencec is transmittedandĉ is detected.
Then,the PEPof c and ĉ given CSI canbe written as,using
(2) and(3),

P(c ! ĉjH ) = P

0

B
@

P

k 0
min

x 2 Â i
c k 0

ky(k) ¡ xH (k)k2 ¸
P

k 0
min

x 2 Â i
ĉ k 0

ky(k) ¡ xH (k)k2

1

C
A (7)

For a convolutional code with rate k0=n0, and minimum
Hamming distancedf r ee, the Hamming distancebetweenc



and ĉ, d(c ¡ ĉ), is at leastdf r ee. Assumed(c ¡ ĉ) = df r ee

for c andĉ underconsiderationfor PEPanalysis,which is the
worst casescenariobetweenany two codewords.Then,Âi

ck 0

and Âi
ĉk 0

are equalto one anotherfor all k0 except for df r ee

distinct valuesof k0. Therefore,inequality on the right hand
sideof (7) sharesthe sametermson all but df r ee summation
points, and the summationscan be simpli�ed to only df r ee

termsfor PEPanalysis.

P(c ! ĉjH ) = P

0

B
@

P

k 0;d f r ee

min
x 2 Â i

c k 0

ky(k) ¡ xH (k)k2 ¸
P

k 0;d f r ee

min
x 2 Â i

ĉ k 0

ky(k) ¡ xH (k)k2

1

C
A

(8)
where

P
k 0;d f r ee

meansthatthesummationis takenwith index
k0 over df r ee differentvaluesof k0.

Note that for binarycodesandfor thedf r ee pointsat hand,
ĉk 0 = ¹ck 0, where ¹(¢) denotesthe binary complementof (¢).
For the df r ee bits let's denote

~x(k) = arg min
x 2 Â i

c k 0

ky(k) ¡ xH (k)k2

x̂(k) = arg min
x 2 Â i

¹c k 0

ky(k) ¡ xH (k)k2 (9)

It is easyto seethat ~x(k) 6= x̂(k) since ~x(k) 2 Âi
ck 0 and

x̂(k) 2 Âi
¹ck 0 where Âi

ck 0 and Âi
¹ck 0 are complementsets of

constellationpoints within the signal constellationset Â (see
Figure1 for 16 QAM example).Also, ky(k) ¡ x(k)H (k)k2 ¸
ky(k) ¡ ~x(k)H (k)k2 andx(k) 2 Âi

ck 0 .
For convolutional codes,dueto their trellis structure,df r ee

distinct bits betweenany two codewordsoccurin consecutive
trellis branches.The bit interleaver canbe designedsuchthat
consecutive ddf r ee=n0en0 bits aremappedontoddf r ee=n0en0

different symbols. This guaranteesthat there exists df r ee

distinct pairs of (~x(k); x̂(k)) , and df r ee distinct pairs of
(x(k); x̂(k)) . Note that, if thereis no bit interleaver following
theencoder, thereareonly ddf r ee=me distinctpairs.ThePEP
of BICM-OFDM canbe rewritten as

P(c ! ĉjH ) = P

0

@
X

k ;d f r ee

ky(k) ¡ ~x(k)H (k)k2¡
ky(k) ¡ x̂(k)H (k)k2 ¸ 0

1

A

· P

0

@
X

k ;d f r ee

ky(k) ¡ x(k)H (k)k2¡
ky(k) ¡ x̂(k)H (k)k2 ¸ 0

1

A

(10)

= P

0

@

2

4
X

k ;d f r ee

k (x(k) ¡ x̂(k)) H (k)k2

3

5 ¡ ¯ · 0

1

A

(11)

where ¯ =
P

k ;d f r ee
¯ (k) and ¯ (k) = (x̂(k) ¡

x(k))¤H ¤(k)n(k) + (x̂(k) ¡ x(k))H (k)n¤(k). For given H ,
¯ (k)s are independentzero-meancomplex Gaussianrandom
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Fig. 1. Gray encoded16 QAM constellation

variableswith variance2N0k(x̂(k) ¡ x(k))H (k)k2. Conse-
quently, ¯ is a complex Gaussianrandomvariablewith zero
meanandvariance2N0

P
k ;d f r ee

k(x̂(k) ¡ x(k))H (k)k2. Note
that, the upper bound in (10) is tight, since for high SN R
values~x(k) = x(k). Following (11), PEPcanbe found as

P(c ! ĉjH ) · P

0

@¯ ¸
X

k ;d f r ee

k (x(k) ¡ x̂(k)) H (k)k2

1

A

· Q

0

B
B
@

vu
u
t

P

k ;d f r ee

k (x(k) ¡ x̂(k)) H (k)k2

2N0

1

C
C
A

(12)

where Q(¢) is the well-known Q-function. Let's denote
d(k) = x(k) ¡ x̂(k), which are non-zero for the df r ee

points consideredfor PEP analysis. In order to �nd PEP,P
k ;d f r ee

kd(k)H (k)k2 hasto be calculated.Using (6),

X

k ;d f r ee

kd(k)H (k)k2 =
X

k ;d f r ee

hH WK (k)d¤(k)d(k)WH
K (k)h

= hH

2

4
X

k ;d f r ee

Ak

3

5 h = hH A h (13)

whereA andAk 's areL £ L matricesandAk is given by

Ak = jd(k)j2

2

6
6
4

1 W k
K ¢¢¢ W ( L ¡ 1) k

K

W ¡ k
K 1 ¢¢¢ W ( L ¡ 2) k

K
...

...
. . .

...
W ¡ ( L ¡ 1) k

K W ¡ ( L ¡ 2) k
K ¢¢¢ 1

3

7
7
5

L £ L
(14)

As can be seenfrom (14), the rank of eachAk matrix is
one. However, due to the special form of the Ak matrices,
the rank of the matrix A =

P
k ;d f r ee

Ak is r = r ank(A ) =
min(df r ee; L ) (seeAppendix for the proof). Note that each
Ak is also Hermitian with a squareroot W(k)d¤(k) such
that Ak = W(k)d¤(k)(W(k)d¤(k))H . From linear algebra,
it is known that any matrix with a squareroot is positive
semide�nite [4], [20]. Also, any non-negative linear combina-
tion of positive semide�nite matricesis positive semide�nite.
It follows that Ak s and A are positive semide�nite, and the
singularvaluedecompositionof A canbe written as [20]



A = V H ¤V (15)

whereV is a L £ L unitary matrix and¤ is a L £ L diagonal
matrix with eigenvaluesof A , f ¸ i gL

i =1 , on the diagonal.Note
that, eigenvaluesof any positive semide�nite matrix are real
and non-negative. Let's write Vh = [v1 v2 ¢¢¢ vL ]T ,
then

X

k ;d f r ee

kd(k)H (k)k2 = hH A h = hH V H ¤Vh =
LX

l =1

¸ l jvl j2

(16)

Sinceeachtapof thechannelis modeledasan independent
complex Gaussianrandomvariablewith zeromeanandequal
variance,vl 's are also complex Gaussianrandomvariables.
Thenjvl j's areRayleighdistributedwith pdf 2jvl je¡j v l j2

. Us-
ing an upperboundfor the Q function Q(x) · (1=2)e¡ x 2 =2,
PEPcanbe upperboundedas

P(c ! ĉ) = E [P(c ! ĉjH )]

· E

2

6
6
6
4

1
2

exp

0

B
B
B
@

¡

LP

l =1
¸ l jvl j2

4N0

1

C
C
C
A

3

7
7
7
5

=
1

LQ

l =1

³
1 + ¸ l

4N 0

´

(17)

For the rank of A , r = min(df r ee; L ), without loss of
generalitywe can order the ¸ l 's suchthat, ¸ 1 ¸ ¸ 2 : : : ¸ ¸ r

and¸ r +1 = : : : = ¸ L = 0. UsingN0 = 1=SN R from Section
III, for high SN R values,PEPbecomesupperboundedby

P(c ! ĉ) ·
1

rQ

l =1

¡
1 + ¸ l SN R

4

¢ '

Ã
rY

l =1

¸ l

! ¡ 1 µ
SN R

4

¶ ¡ r

(18)

It can be easily seenfrom (18) that the diversity order of
BICM-OFDM systemis r = min(df r ee; L ). For example,the
industry standard1=2 rate 64 state (133,171)convolutional
encoderhasdf r ee = 10. Therefore,a BICM-OFDM system
with this convolution codecanachieve a diversity orderof 10
without implementingany additional antennas,or using any
other diversity technique.In order to even further increase
the diversity order of the system,one can in addition add
multiple antennasusingSTBC to multiply the diversity order
of BICM-OFDM with the number of transmit and receive
antennas(see [21]). Or, multiple antennascan be used to
increasethe throughputof the system,while BICM-OFDM
is usedto provide the necessarydiversity order. Also, a low
complexity Viterbi decodercan be implementedfor BICM-
OFDM systemswithout any performancedegradation [22]
and [23]. Thus, a low complexity, easyto implement,and a
high diversityordersystemcanbeeasilygeneratedby BICM-
OFDM.

V. SIMULATION RESULTS

In the simulationsbelow we used64 subcarriersfor each
OFDM symbol.Onesymbolhasa durationof 4 ¹s of which
0.8 ¹s is CP. 250 bytes are sent with eachpacket and the
channelis assumedto be the samethroughthe transmission
of one packet. The maximumdelay spreadof the channelis
set to be ten times the root meansquare(rms) delayspread.
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Fig. 2. BICM-OFDM resultsusing1/2 rate64 statesdf r ee = 10 code

Figure2 shows thesimulationresultsfor differentrmsdelay
spreadvalues of the channel. (133,171) 1/2 rate 64 states
convolutional codeusedin BICM-OFDM andinterleaved bits
aremodulatedusing16 QAM. As canbeseenfrom the �gure
as the numberof tapsfor the channelincreases,its diversity
increasesaswell. Anotherinterestingobservationis thatwhile
diversity for 50 ns and 75 ns channelsreachthe maximum
diversity, 75 nschannelshows slightly bettercodinggain.This
is dueto the fact that theproductof theeigenvaluesin (18) is
higher for higher delay spreadsoncethe maximumdiversity
is reached.

VI . CONCLUSION

BICM andOFDM areusedwidely in many wirelesscom-
municationsystems.In this paperwe showed the two canbe
combinedto achieve a high diversityorder. We illustratedboth
analytically and via simulationsthat the maximum diversity
that is inherited in frequency selective channelscan be fully
and successfullyachieved. If the convolutional code being
usedhasa minimum Hammingdistanceof df r ee, we showed
that the diversity orderof BICM-OFDM is min(df r ee; L ) for
an L tap frequency selective fadingchannel.Simulationsalso
showedthat,whenL ¸ df r ee, asthedelayspreadincreasesthe
codinggain increases,improving the systemperformance.

APPENDIX

PROOF OF RANK min(df r ee; L )

Note that in generalthe numberof subcarriersK ¸ df r ee

and K ¸ L , and theseare assumedto be the casein this
paper. In order to have a clearerpresentationwe will denote
D = df r ee andwithout lossof generality, we canreorderthe
D different Ak matricesso that A =

P D
k=1 Ak . Assumefor

now, D · L . Then, it is known that [20] r ank(A ) = r ·
P D

k=1 r ank(Ak ) = D . Let's denoteak
4
= W k

K . Note that
a¡ 1

k = a¤
k , andak s lie on theunit circle on thecomplex plane

andai 6= aj for i 6= j ; 1 · i; j · K . Then,Ak s become



Ak = jd(k)j2

2

6
6
6
6
4

1 ak ¢¢¢ a(L ¡ 1)
k

a¡ 1
k 1 ¢¢¢ a(L ¡ 2)

k
...

...
...

...
a¡ (L ¡ 1)

k a¡ (L ¡ 2)
k ¢¢¢ 1

3

7
7
7
7
5

A =
DX

k=1

Ak

=

2

6
6
6
6
6
6
6
4

DP

k =1
jdk j2

DP

k =1
jdk j2ak ¢¢¢

DP

k =1
jdk j2aL ¡ 1

k

DP

k =1
jdk j2a¡ 1

k

DP

k =1
jdk j2 ¢¢¢

DP

k =1
jdk j2aL ¡ 2

k

...
...

. . .
...

DP

k =1
jdk j2a¡ ( L ¡ 1)

k ¢¢¢ ¢¢¢
DP

k =1
jdk j2

3

7
7
7
7
7
7
7
5

(A.1)

Clearly, if the rankof A is r , thenthereexistsa sub-matrix
within A of size r £ r suchthat the determinantof the sub-
matrix is nonzero[20]. Considerthe sub-matrixAD of size
D £ D of A .

AD =

2

6
6
6
6
6
6
6
4

DP

k =1
jdk j2

DP

k =1
jdk j2ak ¢¢¢

DP

k =1
jdk j2aD ¡ 1

k

DP

k =1
jdk j2a¡ 1

k

DP

k =1
jdk j2 ¢¢¢

DP

k =1
jdk j2aD ¡ 2

k

...
...

. . .
...

DP

k =1
jdk j2a¡ ( D ¡ 1)

k ¢¢¢ ¢¢¢
DP

k =1
jdk j2

3

7
7
7
7
7
7
7
5

AD = BD CD where

BD =

2

6
6
6
6
6
4

1 1 ¢¢¢ 1
a¡ 1

1 a¡ 1
2 ¢¢¢ a¡ 1

D
a¡ 2

1 a¡ 2
2 ¢¢¢ a¡ 2

D
...

...
...

...
a¡ (D ¡ 1)

1 a¡ (D ¡ 1)
2 ¢¢¢ a¡ (D ¡ 1)

D

3

7
7
7
7
7
5

CD =

2

6
6
6
6
4

jd1j2 jd1j2a1 ¢¢¢ jd1j2a(D ¡ 1)
1

jd2j2 jd2j2a2 ¢¢¢ jd2j2a(D ¡ 1)
2

...
...

...
jdD j2 jdD j2aD ¢¢¢ jdD j2a(D ¡ 1)

D

3

7
7
7
7
5

(A.2)

It is evident that, sincea¡ 1
k = a¤

k , B H
D is a Vandermonde

matrix of size D . The determinantof a Vandermondematrix
canbe easilycalculatedby [20]

det(B H
D ) =

DY

i;j
i>j

(ai ¡ aj ) (A.3)

which is non-zero,since ai 6= aj for i 6= j ; 1 · i; j ·
D · K . Therefore r ank(B H

D ) = D = r ank(BD ) and
BD is full rank. Note that, CD is equal to B H

D with each
row multiplied by a positive scalar. Since multiplying rows
of a matrix with nonzeroscalarsdoesnot changethe rank
of a matrix, CD is also full rank with rank D. This shows

det(AD ) = det(BD ) det(CD ) is nonzero,con�rming AD is
a full rankmatrixwith rankD. SinceAD is asub-matrixof A ,
thenr ank(A ) ¸ D = df r ee, concludingr ank(A ) = D · L .

If L < D, thenA is a sub-matrixof AD . Again from (A.2)
and (A.3), AD is a full rank matrix with rank D due to the
fact thatai 6= aj for i 6= j ; 1 · i; j · D · K . Sinceany sub-
matrixof a full rankmatrix is alsofull rank,thenA is full rank
with r ank(A ) = L . Consequently, r ank(A ) = min(D ; L ) =
min(df r ee; L ).
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