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Abstract— Wir elesssystemsoften implement oneor more types
of diversity in order to achieve reliable communication. Differ ent
types of diversity techniquessuch as temporal, fr equency, code,
and spatial have beendeveloped in the literatur e. In addition to
the destructive multipath nature of wir elesschannels,fr equency
selective channels pose intersymbol interfer ence (ISI) while
offering fr equency diversity for successfullydesigned systems.
Orthogonal fr equency division multiplexing (OFDM) has been
shown to combat ISI extremely well by converting the fr equency
selective channel into parallel �at fading channels.On the other
hand, bit interleaved coded modulation (BICM) was shown
to have high performance for �at fading Rayleigh channels.
Combination of BICM and OFDM was shown to exploit the
diversity that is inherited within the fr equency selective fading
channels.In other words, BICM-OFDM is a very effective tech-
nique to provide diversity gain, employing fr equency diversity.
Orthogonal space-timeblock codes(STBC) make useof diversity
in the space domain by coding in space and time. Thus, by
combining BICM-OFDM and STBC, diversity in fr equencyand
space can be taken advantage of. In this paper we show and
quantify both analytically and via simulations that for fr equency
selective fading channels,BICM-STBC-OFDM systemscan fully
and successfullyexploit the fr equencyand spacediversity to the
maximum available extent.

I . INTRODUCTION

Problemsdueto multipathandinterferencefrom otherusers
in wireless channelsare well known. In order to alleviate
theseproblems,a numberof diversity techniqueshave been
proposed.There are examplesof such techniquesin time,
frequency, space,andcodedomains.

An important way to achieve this diversity for coded
systemswas inventedby Zehavi who showed that the code
diversitycouldbeimprovedby bit-wiseinterleaving [1]. Using
an appropriatesoft-decisionbit metric at a Viterbi decoder,
Zehavi achieveda codediversityequalto thesmallestnumber
of distinct bits, ratherthan channelsymbols,along any error
event.On the otherhand,the orderof diversity for any coded
systemwith a symbol interleaver is the minimum number
of distinct symbolsbetweencodewords. This differencebe-
tween bit-wise interleaving and symbol interleaving results
in improved performancefor BICM over a fading channel.
Following Zehavi' s paper, Caireet al [2] presentedthe theory
behind BICM. Their work provides tools to evaluate the

performanceof BICM with tight errorprobabilitybounds,and
designguidelines.

However, whenthereis frequency selectivity in thechannel,
the designof appropriatecodesbecomesa morecomplicated
problem due to the existence of intersymbol interference
(ISI). On the other hand, frequency selective channelsoffer
additionalfrequency diversity [3], [4], andcarefully designed
systemscan exploit this property. OFDM can be used to
combatISI andthereforecansimplify thecodedesignproblem
for frequency selective channels.It is shown in [5] that the
combinationof BICM andOFDM systemscanachieve thefull
diversity orderof L for L -tap frequency selective channels.

In recent years deploying multiple transmit antennashas
becomean important tool to improve diversity. The use of
multiple transmitantennasallowed signi�cant diversity gains
for wireless communications.In general, spatial diversity
systemsarecalledspace-time(ST) codesandsomeimportant
resultscanbe listed as [6], [7], [8], [9], [10]. In thesepapers
the multi input multi output (MIMO) wireless channel is
assumedto be�at fading.If thechannelis frequency selective,
then carefully designedspace-time-frequency codedsystems
have been proposedto exploit the diversity order in space
and frequency, [11], [12], [13], [14], [15], [16]. Out of these
papers[15] combinesspacetime block codes(STBC) of [7]
and [8] with bit interleaving for OFDM systems.Reference
[16] usesBICM-OFDM directly with multiple antennasand
without externalSTBC to achieve higherdatarate in the cost
of lower diversity.

In [5] it is shown that BICM-OFDM can successfully
exploit the frequency diversity for single antennasystems.
Here,STBCis addedto BICM-OFDM to exploit thediversity
not only in frequency but also in space to its maximum
extent. The resultsof [5] areusedasa basisto carry out the
analysisfor BICM-STBC-OFDM.The readeris urgedto note
that unlike [15], we formally prove that BICM-STBC-OFDM
systemscanachieve thefull diversityorderthatcanbeoffered
by the channel.In addition to analysis,throughsimulations,
the performanceof BICM-STBC-OFDM as comparedto [6]
and [10] with OFDM are illustrated.We will show that for
systemsemploying N transmitandM receive antennas,over



L-tap frequency selective channels,BICM-STBC-OFDM can
achieve the maximumdiversity orderof N M L.

The rest of the paperis organizedas follows. We present
brief overviews of STBC and BICM in SectionsII and III,
respectively. The systemmodel for BICM-STBC-OFDM is
introducedin SectionIV. Thediversityorderof BICM-STBC-
OFDM systemover frequency selective fading channelsis
given in SectionV. Simulationresultssupportingour analysis
arepresentedin SectionVI. Finally, we endthe paperwith a
brief conclusionin SectionVII wherewe restatetheimportant
resultsof this paper.

I I . SPACE TIME BLOCK CODES (STBC)

Complex orthogonalspacetime block codes[8] areconsid-
eredin this paper. For N transmitantennas,S=T rateSTBCis
de�ned asthecomplex orthogonalblock codewhich transmits
S symbolsover T time slots.Codegeneratormatrix GST N is
a T £ N matrix andsatis�es [8]

GH
ST N GST N = · (jx1j2 + jx2j2 + : : : + jxS j2)I N (1)

where · is a positive constantand f x i gS
i =1 are the complex

symbols transmittedin one STBC codeword. For example,
Alamouti code[7] is a rateoneSTBC given as

G222 =
·

x1 x2

¡ x¤
2 x¤

1

¸
(2)

I I I . BIT-INTERLEAVED CODED MODULATION (BICM)

BICM canbeobtainedby usinga bit interleaver, ¼, between
an encoderfor a binary codeC anda memorylessmodulator
over a signalsetÂ µ C of size jÂj = M = 2m with a binary
labelingmap¹ : f 0; 1gm ! Â. Gray encodingis usedto map
the bits onto symbolsandplaysan importantrole in BICM' s
performancefor non-iterative decoding,[2]. It is shown in [17]
that thecapacityof BICM is surprisinglycloseto thecapacity
of multilevel codes(MLC) schemeif andonly if Graylabeling
is used.Moreover, Gray labeling allows parallel independent
decodingfor eachbit. In [17] it is actuallyrecommendedto use
Gray labeling and BICM for fading channels.If set partition
labelingor mixed labeling is used,thenan iterative decoding
approachshould be usedto achieve high performance[18].
Note that, dueto the ability of independentparalleldecoding
of Gray labeling, iterative decodingdoesnot introduceany
performanceimprovement[18]. Therefore,non-iterative max-
imum likelihood(ML) decodingis consideredin this paper.

During transmission,the codesequencec is interleaved by
¼, and then mappedonto the signal sequencex 2 Â. The
signalsequencex is then transmittedover the channel.

Thebit interleaver canbemodeledas¼: k0 ! (k; i ) where
k0 denotestheoriginalorderingof thecodedbitsck 0, k denotes
thetime orderingof thesignalsxk transmitted,andi indicates
the positionof the bit ck 0 in the symbolxk .

Let Âi
b denotethe subsetof all signalsx 2 Â whoselabel

hasthevalueb 2 f 0; 1g in positioni . Then,theML bit metrics
aregiven by [2]

Fig. 1. Block diagramof BICM-STBC-OFDM

¸ i (yk ; ck 0) =

8
><

>:

max
x 2 Â i

c k 0

logpµk (yk jx); perfectCSI

max
x 2 Â i

c k 0

logp(yk jx); no CSI
: (3)

whereµk denotesthe channelstateinformation (CSI) for the
time orderk.

Following (3), the bit metrics for the �at fading Rayleigh
channelscan be calculatedusing the ML criterion with CSI
as [1]

¸ i (yk ; ck 0) = min
x 2 Â i

c k 0

kyk ¡ ½xk2 (4)

where½denotestheRayleighcoef�cient andk(¢)k2 represents
the squaredEuclideannorm of (¢).

TheML decoderat thereceiver canmake decisionsaccord-
ing to the rule

ĉ = argmin
c2C

X

k 0

¸ i (yk ; ck 0): (5)

IV. SYSTEM MODEL OF BICM-STBC-OFDM

In BICM-STBC-OFDM,a rateS=T STBC is usedto code
the tonesof an OFDM symbol acrosstime and space,and
BICM is appliedfor codedmodulation.One OFDM symbol
has K tones, where each tone is a complex constellation
point. STBC for the tone k is given by the T £ N matrix
C(k) = GST N (x1(k); : : : ; xS (k)) , which is calculatedby
applyingthesymbolsx1(k); : : : ; xS (k) to theSTBCgenerator
matrix GST N .

The output bits of a convolutional encoderare interleaved
within T OFDM symbolsto avoid extra delayrequirementto
start decodingat the receiver. After interleaving, the output
bit ck 0 is mappedonto the tone xs(k) at the i th bit location,
where1 · s · S. It is assumedthat an appropriatelengthof
cyclic pre�x (CP) is usedfor eachOFDM symbol.As a result,
the received signal for eachtone over M receive antennasis
given by the T £ M matrix

R(k) = C(k)H (k) + N (k) (6)

where N (k) is a T £ M complex additive white Gaussian
noisewith zeromeanandvarianceN0 = N=SN R, andH (k)
is given by



-4 -3 -2 -1 0 1 2 3 4
-4

-3

-2

-1

0

1

2

3

4

0000

0001

0010

0011

0100

0101

0110

0111

1000

1001

1010

1011

1100

1101

1110

1111

Normalized 16QAM Signal Constellation with Gray Encoding

(a) Â

�1 �0.5 0 0.5 1

�1

�0.5

0

0.5

1

0000

0001

0010

0011

0100

0101

0110

0111

Normalized 16QAM Signal Constellation with Gray Encoding, c
0
0

(b) Â0
0

�1 �0.5 0 0.5 1

�1

�0.5

0

0.5

1

1000

1001

1010

1011

1100

1101

1110

1111

Normalized 16QAM Signal Constellation with Gray Encoding, c
1
0

(c) Â1
0

Fig. 2. Gray encoded16 QAM constellation

H (k) =

2

6
6
6
4

H11(k) H12(k) ¢¢¢ H1M (k)
H21(k) H22(k) ¢¢¢ H2M (k)

...
...

...
...

HN 1(k) HN 2(k) ¢¢¢ HN M (k)

3

7
7
7
5

N £ M

Hnm (k) = WH (k)hnm

W(k) = [1 W k
K ¢¢¢ W (L ¡ 1)k

K ]H ; whereW k
K

4
= e¡ j 2¼

K

hnm = [hnm (0) hnm (1) ¢¢¢ hnm (L ¡ 1)]T (7)

wherehnm representsthe L tap frequency selective channel
from the transmitantennan to the receive antennam. Each
tap is assumedto be statisticallyindependentandmodeledas
zero meancomplex Gaussianrandomvariablewith variance
1=L. It is assumedthat thetapsarespacedat integermultiples
of the symbol duration,which is the worst casescenarioin
termsof designingfull diversitycodes[19]. Thefadingmodel
is assumedto be quasi-static,i.e., the fading coef�cients are
constantover the transmissionof onepacket, but independent
from onepacket transmissionto the next. Note that, the aver-
ageenergy transmittedfrom eachantennaat eachsubcarrier
is assumedto be 1. Then, with the given channeland noise
models,the received signal to noiseratio is SN R.

V. DIVERSITY ORDER OF BICM-STBC-OFDM

In this section,by calculatingthe pairwiseerror probability
(PEP),wewill show thatBICM-STBC-OFDMcanachieve the
maximumachievable diversity order of N M L. Assumethat
binary codeword c is sentandĉ is detected.Then,the PEPis
written as

P(c ! ĉjH ) = P

0

B
@

P

k 0
min

x s 2 Âi
c k 0

kR(k) ¡ CH (k)k2
F ¸

P

k 0
min

x s 2 Âi
ĉ k 0

kR(k) ¡ ĈH (k)k2
F

1

C
A

(8)
where k(¢)k2

F denotesk(¢)k2
F = Tr f (¢)H (¢)g (squareof the

Frobeniusnorm of (¢)), andC andĈ denotethe two distinct
STBC codewords.

NotethatkR(k)¡ CH (k)k2
F providesS equationsto decode

S symbolswithin STBC C [8], [9]. As mentionedin Section
IV, the output bit ck 0 is mappedonto the i th bit of xs(k).
So the bit metric for eachck 0 is found by minimizing the sth
equationgiven by kR(k) ¡ CH (k)k2

F with respectto xs 2
Âi

ck 0 .

For a k0=n0 convolutional codewith the minimum Ham-
ming distancedf r ee, the worst casescenarioin (8) simpli�es
to a summationfor only df r ee terms.Note that, for the df r ee

points ĉk 0 = ¹ck 0, where ¹(¢) denotesthe binary complementof
(¢). Also, Âi

ck 0 andÂi
¹ck 0 arecomplementsetsof constellation

points within the signal constellationset Â (seeFigure 2 for
16 QAM example).Let's denote

~C(k) = arg min
C = G S T N ( x 1 ;::: ;x S )

s:t: x s 2 Âi
c k 0

kR(k) ¡ CH (k)k2
F

Ĉ(k) = arg min
Ĉ = G S T N ( x 1 ;::: ;x S )

s:t: x s 2 Âi
¹c k 0

kR(k) ¡ ĈH (k)k2
F (9)

~C(k) andĈ(k) aredistincttwo matriceswhosesth elements
arefrom Âi

ck 0 andÂi
¹ck 0 , respectively. For convolutional codes,

df r ee distinct bits betweenany two codewords occur in con-
secutive trellis branches.The bit interleaver can be designed
such that consecutive ddf r ee=n0en0 bits are mappedonto
ddf r ee=n0en0 differenttonesof anOFDM symbol.This guar-
anteesthat there exists df r ee distinct pairs of ( ~C(k); Ĉ(k))
for PEP analysis.Also note that, kR(k) ¡ C(k)H (k)k2

F ¸
kR(k) ¡ ~C(k)H (k)k2

F , and C(k) 6= Ĉ(k) for the df r ee

matricesunderconsideration.Then,(8) canbe rewritten as

P(c ! ĉjH ) = P

0

@
X

k ;d f r ee

kR(k) ¡ ~C(k)H (k)k2
F ¡

kR(k) ¡ Ĉ(k)H (k)k2
F

¸ 0

1

A

· P

0

@
X

k ;d f r ee

kR(k) ¡ C(k)H (k)k2
F ¡

kR(k) ¡ Ĉ(k)H (k)k2
F

¸ 0

1

A

(10)

= P

0

@

2

4
X

k ;d f r ee

Tr
½

H H (k)(C(k) ¡ Ĉ(k))H

(C(k) ¡ Ĉ(k))H (k)

¾
3

5 ¡ ¯ · 0

1

A

(11)

where ¯ =
P

k ;d f r ee
¯ (k), and ¯ (k) = Tr f H H (k)( Ĉ(k) ¡

C(k))H N (k) + N H (k)( Ĉ(k) ¡ C(k))H g. ¯ (k)s are zero-
mean, independent complex Gaussian random variables
with variance 2N0k(Ĉ(k) ¡ C(k))H k2

F . Then, ¯ is
a zero-mean Gaussian random variable with variance
2N0

P
k ;d f r ee

k(Ĉ(k) ¡ C(k))H k2
F . Note that, the upper

bound in (10) is tight, since for high SN R values ~C(k) =
C(k). Finally, PEPcanbe written as

P(c ! ĉjH ) · P

0

@¯ ¸
X

k ;d f r ee

k(C(k) ¡ Ĉ(k))H (k)k2
F

1

A

· Q

0

B
B
@

vu
u
t

P

k ;d f r ee

k(C(k) ¡ Ĉ(k))H (k)k2
F

2N0

1

C
C
A

(12)



whereQ(¢) is the well-known Q-function.
Let's de�ne D(k) = C(k) ¡ Ĉ(k), which is still a T £ N

(generalized)complex orthogonaldesign(i.e., D (k) satis�es
(1)). H (k) canbe rewritten as

H (k) = W H (k)h

W (k) =

2

6
6
6
4

W(k) 0L £ 1 ¢¢¢ 0L £ 1
0L £ 1 W(k) ¢¢¢ 0L £ 1

...
...

...
...

0L £ 1 0L £ 1 ¢¢¢ W(k)

3

7
7
7
5

N L £ N

h =

2

6
6
6
4

h11 h12 ¢¢¢ h1M
h21 h22 ¢¢¢ h2M
...

...
...

...
hN 1 hN 2 ¢¢¢ hN M

3

7
7
7
5

N L £ M

(13)

where0L £ 1 denotesa zerovectorof sizeL £ 1. Then,

X

k ;d f r ee

kD(k)H (k)k2
F = Tr f hH Zh g

Z =
X

k ;d f r ee

Zk

Zk = W (k)D H (k)D (k)W H (k) (14)

From (1), D H (k)D (k) = jd(k)j2I N , where jd(k)j2 =
· (jd1(k)j2 + jd2(k)j2 + : : : + jdS (k)j2) is a non-zeropositive
constantwith di (k)s denoting the S complex numbersof
D(k), and I N is the N £ N identity matrix. Then, Zk can
be written as

Zk =

2

6
6
6
4

Ak 0L £ L ¢¢¢ 0L £ L
0L £ L Ak ¢¢¢ 0L £ L

...
...

...
...

0L £ L 0L £ L ¢¢¢ Ak

3

7
7
7
5

N L £ N L

(15)

Ak = jd(k)j2

2

6
6
4

1 W k
K ¢¢¢ W ( L ¡ 1) k

K

W ¡ k
K 1 ¢¢¢ W ( L ¡ 2) k

K
...

...
. . .

...
W ¡ ( L ¡ 1) k

K W ¡ ( L ¡ 2) k
K ¢¢¢ 1

3

7
7
5

L £ L
(16)

whereeachAk is alsoHermitianwith asquarerootW(k)d¤(k)
suchthat Ak = W(k)d¤(k)(W(k)d¤(k))H , and r ank(Ak ) =
1. Then, r ank(Zk ) = N . It is shown in [5], the rank of the
L £ L matrix A =

P
k ;d f r ee

Ak is min(df r ee; L ). Then,

Z =

2

6
6
6
4

A 0L £ L ¢¢¢ 0L £ L
0L £ L A ¢¢¢ 0L £ L

...
...

...
...

0L £ L 0L £ L ¢¢¢ A

3

7
7
7
5

N L £ N L

(17)

has rank r = N min(df r ee; L ). From linear algebra, it
is known that any matrix with a square root is positive

semide�nite [6], [20]. Also, any non-negative linear combina-
tion of positive semide�nite matricesis positive semide�nite.
ThereforeAk s andA arepositive semide�nite,andsimilarly
Zk s (with a squareroot W (k)D H (k)) and Z are positive
semide�nite.Then,thesingularvaluedecompositionof Z can
be written as [20]

Z = V H ¤V (18)

whereV is a unitary matrix and¤ is a diagonalmatrix with
eigenvalues of Z, f ¸ i gN L

i =1 , on the diagonal. Note that the
eigenvaluesof the positive semide�nitematrix Z arereal and
non-negative. As a result,

X

k ;d f r ee

kD(k)H (k)k2
F = Tr f hH Zh g = Tr f hH V H ¤Vhg

=
MX

m =1

N LX

n =1

¸ n jvnm j2 (19)

wherevnm ; n = 1; : : : ; N L; m = 1; : : : ; M are the elements
of the N L £ M matrix Vh. Note that each vnm is a
complex Gaussianrandomvariable.Then,jvnm j areRayleigh
distributed with pdf 2jvnm je¡j vnm j2

. Using an upper bound
for theQ functionQ(x) · (1=2)e¡ x 2 =2, PEPcanbe foundas

P(c ! ĉ) = E [P(c ! ĉjH )]

· E

2

6
6
4

1
2

exp

0

B
B
@¡

MP

m =1

N LP

n =1
¸ n jvnm j2

4N0

1

C
C
A

3

7
7
5 =

1
N LQ

n =1

³
1 + ¸ n

4N 0

´ M

(20)

For r ank(Z) = r = N min(df r ee; L ), without loss of
generalitywe canorder the ¸ n 's suchthat, ¸ 1 ¸ ¸ 2 : : : ¸ ¸ r

and ¸ r +1 = : : : = ¸ N L = 0. Using N0 = N=SN R from
SectionIV, PEPbecomesupperboundedby

P(c ! ĉ) ·
1

rQ

n =1

¡
1 + ¸ n SN R

4N

¢M

'

Ã
rY

l =1

¸ l

! ¡ M µ
SN R
4N

¶ ¡ r M

for high SN R

(21)

It is clearly evident from (21) that the BICM-STBC-
OFDM systemsuccessfullyreachesto the diversity order of
N M min(df r ee; L ).

VI . SIMULATION RESULTS

In our simulations,eachOFDM symbol has64 tones,and
has a duration of 4 ¹s of which 0.8 ¹s is CP. 250 bytes
are sent with each packet and the channel is assumedto
be the same through the transmissionof one packet. The
maximumdelay spreadof the channelis set to be ten times



the root meansquare(rms) delayspread.The systemhastwo
transmitantennasfor all the resultspresentedin this section.
For BICM-STBC-OFDM,Alamouti's code[7] is usedin order
to implementtwo transmitantennas.

Figure 3 shows the results for the industry standard
(133,171)1/2 rate 64 statesdf r ee = 10 convolutional code
with different rms delay spreadvalues.It can be seenfrom
the �gures thatasthenumberof tapsincreasesin thechannel,
thediversityorderof BICM-STBC-OFDMincreasesup to the
maximumdiversity of N M min(df r ee; L ). Note that, as the
numberof receive antennasis increased,the diversity order
getsmultiplied in the �gures. For 2 transmit4 receive antenna
case,even at low SN R values, the performancecurve is
extremelysteep.
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Fig. 3. BICM-STBC-OFDM resultsusing 1/2 rate 64 statesdf r ee = 10
code

Figure 4 shows the performancecurves for 4 stateBICM-
STBC-OFDM, 4 state QPSK SOSTTC [10] with OFDM,
and 4 StateQPSK STTC [6] with OFDM. 4 state1/2 rate
df r ee = 5 convolutionalcode[21] with 16QAM modulationis
usedfor BICM-STBC-OFDM so that all the systemstransmit
2 bits/sec/Hzat eachtone. As can be seenfrom the �gures,
BICM-STBC-OFDM reachesa higher diversity value for
frequency selective channels.
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Fig. 4. ComparisonbetweenBICM-STBC-OFDM, SOSTTC-OFDMand
STTC-OFDM

VII . CONCLUSION

Diversity order being de�ned as the negative slopeof the
errorratevs signalto noiseratio curve, is a dominantcriterion
for the performanceof wirelesscommunicationsystems.In
this paper we introduced BICM-STBC-OFDM in order to
exploit diversity in spaceandfrequency. We have shown both

analytically and via simulations that BICM-STBC-OFDM
reachesthe maximumdiversity order in spaceand frequency
by using an appropriateconvolutional code. If the convolu-
tional codebeingusedhasa minimum Hammingdistanceof
df r ee, we showed that the diversity order of BICM-STBC-
OFDM is N M min(df r ee; L ) for a systemwith N transmit
and M receive antennasover an L tap frequency selective
fadingchannel.
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